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A Grundy n-coloring of a finite graph is a coloring of the points of the graph 
with the non-negative integers smaller than n such that each point is adjacent to 
some point of each smaller color but to none of the same color. The Grundy 
number of a graph is the maximum n for which it has a Gnmdy n-coloring. 
Characterizations are given of the families of finite graphs G such that for each 
induced subgraph H of G: (1) the Grundy number of H is equal to the chromatic 
number of U, (2) the Grundy number of His equal to the maximum clique size 
of I$ (3) the achromatic number of H is equal to the chromatic number of H, 
(4) the achromatic number of His equal to the maximum clique size of H. The 
definitions are further extended to intinite graphs, and some of the above charac- 
terizations are shown to be true for denumerable graphs and locally finite graphs. 
1. COLORING FINITE GRAPHS 
An n-coloring of a finite (simple, loopless, undirected) graph is a surjection 
from its point set onto the color set (0, l,..., n - I} such that no two adjacent 
points are assigned the same color. The chromatic number x of a graph is the 
minimum number n for which the graph has an n-coloring. 
A Grundy n-coloring of a graph is an n-coloring of the graph such that for 
each color i, each point colored i is adjacent to at least one point colored j 
for each j -C i. The Grundy number y of a graph is the maximum number n 
for which the graph has a Grundy n-coloring. 
A complete n-coloring of a graph is an n-coloring of the graph such that 
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for each pair of different colors there are two adjacent points with these 
colors. The achromatic number # of a graph is the maximum number n for 
which the graph has a complete n-coloring. 
The size of the largest clique of a graph is denoted by t.~. 
It should be clear that for any graph, p < x < y < #. For LX and /3 
distinct members of {p, x, y, #}, a graph is called c&perfect if for each 
induced subgraph H of the graph LX(H) = p(H). (In the literature, a xp- 
perfect graph is often simply called a perfect graph). The main results of this 
paper are characterizations of yp-perfect graphs, yx-perfect graphs, $p- 
perfect graphs and $x-perfect graphs; more precisely, we exhibit the critical 
graphs for yp-, yx-, #p- and #x-imperfection. The characterization of the 
critical xv-imperfect graphs is still an unsolved problem. To this we add the 
problem of characterizing #y-perfect graphs (or critical #y-imperfect graphs). 
Some very preliminary results in this direction will be indicated. 
Undefined terms may be found in Harary [2]. 
The graph G formed by adding to each point of C, a single point adjacent 
to it is the simplest graph for which the four invariants we consider are 
FIG. 1. (a) A Gnmdy Ccoloring. (b) A ComPlete koloring. 
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unequal. Obviously p(G) = 2 and x(G) = 3. A Grundy 4-coloring of G is 
shown in Fig. la and a complete 5-coloring of G is shown in Fig. lb. Since in 
general y(G) 6 1 + d(G), where d(G) is the maximum of the degrees of the 
points of G, we see that G cannot have a Grundy 5-coloring. Since in general 
( ) Ilr(G) < 2 1 49 
where q is the number of lines of G, we see that G can not have a complete 
6-coloring. Therefore, y(G) = 4 and #(G) = 5. 
Many people (Zykov [5] seems to be one of the first) have described 
classes of graphs with p = 2 and x arbitrarily large. 
A class of graphs with x = 2 and y arbitrarily large is formed by letting G, 
be the bipartite graph with points a, ,..., a,-, , b, ,..., b,-, , where the sets 
{a, ,.--, a,-,} and {b, ,..., b,-,} are independent, and ai is adjacent to bj if and 
only if i # j. Coloring ai and bi with i is a Grundy n-coloring; and the 
condition on maximum degrees implies y(G,) = n. 
Another example is the tree formed by the non-void decreasing sequences 
of non-negative integers smaller than 71, where two such sequences are 
adjacent if and only if removing the last integer from one sequence yields 
the other sequence. Coloring each sequence with its last member yields a 
Grundy n-coloring, and the condition on maximum degrees implies y(G) = n; 
obviously (for trees!) x(G) = 2. 
A class of graphs with y = 2 and 4 arbitrarily large is formed by letting 
G, be the disjoint union of (3 copies of K, . Clearly y(G,) = 2 and #(G,) = n. 
Paths with at least four points are connected examples with y = 3 and $ 
arbitrarily large (the only connected graphs with y = 2 are the complete 
bipartite graphs, for which # = 2). 
By definition, there is no complete n-coloring of a graph G for it < x(G) 
or n > #(G), and no Grundy n-coloring for n < x(G) or n > y(G). Harary, 
Hedetniemi and Prins [3] proved that for each G and each n with x(G) < 
n < #(G), there is a complete n-coloring of G. A similar interpolation 
property holds for y: 
THEOREM 1. For any graph G and any n with x(G) < n < y(G), there is 
a Grundy n-coloring of G. 
Proof. Let c be a Grundy y(G)-coloring of G and Ci (0 < i < y(G)) its 
color classes. Let xi (0 < i < y(G)) be the smallest number of colors in a 
coloring of G which coincides with c on Cj , for each j < i. Because each point 
of Ci is adjacent to at least one point of each Cj , j < i, then xi = i + x(Gd), 
where Gi is the subgraph of G induced by &9j<,,(c) C, . Now x(GJ - 1 < 
x(Gi+,) < x(GJ, and therefore xi < xi+1 < 1 + xi . But by definition, 
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x0 = x(G) and xVcc) = y(G); so for each n with x(G) < n < y(G) there is 
an i (0 < i < y(G)) with xi = n. 
Let c’ be an n-coloring of G which coincides with c on Cj for each j < i. 
Take any total ordering of the points of G which preserves the partial 
ordering induced by c’, and assign to each point the smallest color not used 
for its predecessors (with respect to the ordering) which are adjacent to it. 
This procedure yields a Grundy k-coloring C” of G, which coincides with c’ 
and c on Ci (j < i); also c” assigns to each point a color not greater than the 
color used in c’; so k < n. But by the definition of xa, cP cannot use less than 
n = xi colors. So c” is a Grundy n-coloring of G. I 
We now characterize the yx-perfect graphs. The smallest graph with y > x 
is P4 . It is remarkable that this graph is the only critical yx-imperfect graph: 
THEOREM 2. For any graph G, the following statements are equivalent: 
(1) G is yp-perfect. 
(2) G is yx-perfect. 
(3) G does not contain an induced subgraph isomorphic to P4 . 
Proof. (1) =F (2) T rivial, because for each G, p(G) < x(G) < y(G). 
(2) * (3) x(P4) = 2 but y(P,) = 3. Hence, if G is yx-perfect, it does not 
contain an induced subgraph isomo.rphic to P4. 
(3) =+- (1) Suppose G does not contain an induced subgraph isomorphic 
to P4, and let c be a Grundy y(G)-coloring of G. We shall prove by induction 
on m that for m < y(G), G contains a complete subgraph of m points with 
the m highest colors of c. This proves (for m = y(G)) that G is yp-perfect. 
The assertion is trivial for m = 1. Let us now suppose that we have m - 1 
adjacent points p1 ,..., pmW1 in the m - 1 highest colors, and define S, as the 
set of points colored y(G) - m by c adjacent to pi (1 < i < m - 1). Any 
two such sets are comparable with respect to inclusion: otherwise there must 
be points qi in Si - Sj and qi in S, - Si and the subgraph induced by 
(qi , pi , pf , qj] would be isomorphic to P4 . Therefore the m - 1 sets Sa are 
linearly ordered with respect to inclusion, and there is a k (1 < k < m) with 
Because c is a Grundy y(G)-coloring, no Si is empty. Thus there is a point pm 
in Sk which is colored y(G) - m by c and is adjacent to each of the pi 
(1 < i < m). 
One should note that the finiteness of G is not necessary for this proof; 
the finiteness of p.(G) is sufficient. I 
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COROLLARY. Every yx-perfect graph is xp-perfect. 
COROLLARY. A graph is yx-perfect if and only if its complement is yx- 
perfect. 
Proof. Because the complement of P4 is isomorphic to P4, the graph G 
contains an induced subgraph isomorphic to P4 if and only if its complement 
does. I 
COROLLARY. A graph G is yx-perfect zf and only if for each induced 
subgraph H of G, y(H) + y(a 6 II H 11 + 1, where 11 H II denotes the number 
of points of H. 
Proof. If G is yx-perfect, then G is yp-perfect, and thus y(H) + y(R) = 
p(H) + p(R) < // H // + 1 for each induced subgraph H of G. Otherwise, 
if G is not yx-perfect, then it contains an induced subgraph isomorphic to P4 ; 
but y(Pa) + y(K) = 6 > 5 = II f’4 II + 1. I 
Seinsche [4] proved that the statement (3) is equivalent to the following 
statement (4), thus providing a further characterization of yx-perfect graphs: 
(4) For each induced subgraph H of G containing more than one point, 
either H or i7 is disconnected. 
But we will later show that this equivalence does not hold for denumerable 
graphs, in contrast with the preceding ones. 
With the help of Seinsche’s result, one can easily derive an elegant inductive 
characterization of yx-perfect graphs: 
THEOREM 3. A finite graph is yx-perfect if and only if it is generable from 
the trivial graph Kl by finitely many applications of the join and disjoint union 
operations. 
Proof. Let G be yp-perfect. We prove by induction on the number p of 
points of G that G is generable from Kl by join or union: 
If p = 1, then G is Kl . If p > 1, then by the previous results either G is 
disconnected or G is disconnected, that is, G is a union or a join. But the 
connected components of G respectively G have less than p points, so the 
assertion holds for p. 
On the other hand, if G is generable from Kl by join or union, then so is 
each of its induced subgraphs. Thus it suffices to prove that p(G) = y(G). 
This we do again by induction on the number p of points of G: 
Obviously &K,) = y(K,) = 1. If p > I, either G is a union of two or 
more distinct subgraphs Gi , in which case p(G) = maxi &Gi) = 
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maXi r(G) = y(G), or G is a join of two or more subgraphs Gi , in which 
case p(G) = Ci /-4G3 = Cc y(Gi) = Y(G). I 
We now characterize the #p-perfect and #x-perfect graphs: 
THEOREM 4. For any graph G, the following statements are equivalent: 
(5) G is *p-perfect. 
(6) G is z,bx-perfect. 
(7) G does not contain an induced subgraph isomorphic to one of the 
graphs P4 , P3 v P2 or Pz V P2 u Pz . 
(8) No homomorphic image of G contains an induced subgraph iso- 
morphic to P4 . 
Proof. (5) S- (6) Trivial, because for each G, p(G) < x(G) < 9(G). 
(6) * (7) x(P4) = x(P3 u Pz> = x(P, u P, u PJ = 2, but #(P4> = 
$(P3 U Pz) = #(P2 U Pz U Pz) = 3. Hence, if G is $x-perfect, it does not 
contain an induced subgraph isomorphic to one of these three graphs. 
(7) 5 (8) Let $G be a homomorphic image of G which contains a sub- 
graph isomorphic to P4, and let p, q, r, and s be four points which, in this 
order, induce such a path. By the definition of homomorphism, there are 
(not necessarily distinct) points p’, q’, q”, r”, r’ and s’ of G with $( p’) = p, 
c$(s’) = s, 4(q’) = +(q”) = q, +(r’) = #(r”) = r, p’ adjacent to q’, q” 
adjacent to r”, and r’ adjacent to s’. By inspection, one can verify that in any 
case a subset of these points induce a graph isomorphic to P4 , P3 u P, . or 
P, u Pz u Pz . 
(8) 3 (5) Suppose G is not $p-perfect. By definition, there is an induced 
subgraph H of G with #(H) > p(H). Take any complete #(H)-coloring of H, 
and any sequence l 1 , Ed ,..., E, of elementary homomorphisms which 
identify points of the same color class and whose composition maps H onto 
&,tH) . Let & be the identity on H and 4i+l = l i+i for 0 < i < m. 
For any i, j with 0 < i <j < m, p(+iH) < p(+jH); but p(+,,H) = p(H) < 
I/J(H) = p(&H). Thus there is an n with p(+,H) < #(H) but P-L(~~+~H) =
#(H). Let p and q be the two points of +nH which are identified by E,+~ , 
and K be a #(H)-clique of c&+~H. Because p($%H) < #(H), p is not adjacent 
to at least one point p’ of K - {E,+~( p)}, and q is not adjacent to at least one 
point q’ of K - {E,+~( p)}. But because K is a clique, p’ and q’ are different 
and adjacent, p is adjacent to q’ and q is adjacent to p’. Thus the four points 
q, p’, q’ and p induce a subgraph of the homomorphic image $,,H of H iso- 
morphic to Pa, and the same holds for the homomorphic image c$G of G, 
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where #J restricted to H is & and 4 restricted to G - H is the identity 
function on G - H. 
COROLLARY. Every #x-perfect graph is Xp-perfect. 
Notice that the complements of either P3 u Pz or P2 U Pz v Pz do not 
contain a subgraph isomorphic to one of the three graphs of statement (7). 
Thus, analogues of the other corollaries of Theorem 2 fail. 
An inductive characterization of the class of +x-perfect graphs is provided 
by the following theorem: 
THEOREM 5. A$nite graph is #x-perfect tf and onIy if it is generable from 
Kl or K, u K, , for some positive integers m and n, by finitely many appli- 
cations of the addition of isolatedpoints and of the join operation. 
Proof. Suppose G is #x-perfect, and let us prove the “only if” part by 
induction on the numberp of points of G. Ifp = 1, then G is isomorphic to Kl . 
If p > 1 and G has one component which is a single point, then we are 
finished by induction. Suppose therefore that all components of G are 
nontrivial. By Theorem 4, G does not contain an induced subgraph iso- 
morphic to P, u P2 u Pz , and thus has at most two components. If G has 
two components, because it does not contain a subgraph isomorphic to 
P3 u P2 , both components must be complete and we are finished. If G has a 
single component, then Theorem 3 and the fact that G is also yx-perfect 
imply that G is the join of two smaller graphs, and the assertion follows from 
the induction hypothesis. 
We now prove the “if” part of the theorem by induction on the number g 
of operations necessary to generate the graph G. If g = 0, then G is isomorphic 
to Kl or to K, u K, , which do not contain an induced subgraph isomorphic 
to one of the forbidden subgraphs of (7), and G is therefore #x-perfect. If G 
is obtained by adding isolated points to a graph generable in less than g 
operations, then by the induction hypothesis we are finished. If otherwise G 
is the join of two graphs G, and G, , both generable in less than g operations, 
then by the induction hypothesis both G1 and G, satisfy (7). If p and q are 
nonadjacent points of G, they must both be in G, or both in G, . But then 
any induced subgraph of G isomorphic to one of the forbidden three graphs 
must be entirely in G1 or entirely in G, , in contradiction with the induction 
hypothesis. Thus G is #x-perfect. I 
An open problem which remains is the characterization of the family of 
$y-perfect graphs. In Fig. 2 is a nonredundant family (in the sense that none 
is an induced subgraph of any other) of forbidden subgraphs of #y-perfect 
graphs. These ten graphs (which were obtained by exhaustively taking inverse 
homomorphic images) are the only critical #y-imperfect graphs with $ < 5. 
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FIG. 2. Some forbidden induced subgraphs of a b-perfect graph. 
2. EXTENSIONS AND COUNTEREXAMPLES FOR INFINITE GRAPHS 
We presuppose here the axiom of choice. 
The definitions of n-coloring and of complete n-coloring of a finite graph 
are obviously generalizable to any cardinal number, and we define of course 
the chromatic number x of a graph as the smallest cardinal K such that the 
graph has a K-coloring. 
Wishing to exclude xp-imperfection due to cardinality reasons only, we 
define the clique number p of a graph as the supremum of the cardinalities 
of the complete subgraphs of the graph. Similarly, let the achromatic number 
of a graph be the supremum of the K such that there is a complete K-COlOring 
of the graph. 
For any ordinal number 01, a Grundy a-coloring of a graph is a coloring 
of the points of the graph with the elements of 01 such that for any /Y < /3 
and any point p colored /3 there is a point colored /I’ adjacent to p. The 
Grundy number y of a graph is the supremum of the cardinalities K for which 
there is a Grundy a-coloring of the graph with 11 01 II = K. 
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Erdbs and Rado [l] proved that there are graphs with p = 2 and x 
arbitrarily large. The examples of the first section are easily transformed to 
examples with x = 2 and arbitrarily large y, respectively with y = 2 and 
arbitrarily large #. Furthermore, interpolation theorems similar to Theorem 1 
hold for y and $: 
THEOREM 6. For any graph G and any cardinal K with x(G) < K < y(G), 
there is a Grundy cx-coloring of G with 11 0111 = K. 
Proof. Let c be a Grundy a-coloring of G with 11 OL I/ = y(G), and define 
C, (/3 < a) and xs (/3 < a) as in the proof of Theorem 1. Because the 
procedure used in the second part of this proof applies to ordinals as well as 
to natural numbers, it suffices to prove that there is a B with x6 = K. If K is 
finite, the proof is as in Theorem 1. Otherwise, let /3 be any ordinal with 
11 fl 11 = K. Then by definition, II /3 II < x0 < II B II + x(G), and therefore 
X0 = K. I 
THEOREM 7. For any graph G and any cardinal K with x(G) < K < a+h(G), 
there is a complete u-coloring of G. 
Proof. Let c be a complete 4(G)-coloring of G, and let + be the homo- 
morphism of G onto &tc) which maps the points of some color onto one 
point of &cc) . For II /3 II < #(G), define & by 
MP) = 4(p) if 4(p) < B 
=P otherwise. 
By definition, x(&G) = x(G) and x(#G) = #(G). If K is finite, we use 
x($~G) < x(&+~G) < x(&G) + 1 to prove that there is an n with 
~(q5~G) = K. If K is infinite, then II B II ,< x(&G) < Ij /3 Ij + x(G), and thus 
x(&G) = K for II p 11 = K. Since any Grundy K-coloring is a complete K- 
coloring, the rest of this proof is the same as the second part of the proof of 
Theorem 1. I 
Theorem 2 generalizes for some classes of infinite graphs, but not for all: 
THEOREM 8. The statements (I), (2) and (3) are equivalent for each locally 
finite graph and for each denumerable graph. 
Proof. The implications (1) 3 (2) and (2) * (3) hold for any graph, 
finite or not; it suffices therefore to prove (3) + (1). 
Let H be an arbitrary induced subgraph of G. If p(H) is finite, we can use 
the proof of Theorem 2 to show that y(H) = p(H). If otherwise p(H) is 
infinite, then y(H) = p(H), because y(H) is at most the supremum of the 
degrees of the points of H, which is at most N, if G is locally finite or 
denumerable. I 
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On the other hand, a non-denumerable, locally denumerable counter- 
example is the graph G formed by the disjoint union of xc, complete denumer- 
able subgraphs. Obviously p(G) = x(G) = N, , and no induced subgraph of 
G is isomorphic to P4 . But let f: o1 x w  -+ w1 be such that for each OL E w1 
the function Xx *f(ol, X) is a bijection of o onto 0~. Index the components of 
G with the denumerable ordinals, their points with natural numbers, and 
color the n-th point of the a-th component withf(a, n). Each 01 < w1 is used 
as a color in the (cx + I)-th component. Because for each 01 < w1 , hx .f(cu, x) 
is injective, this defines an w,-coloring. Because Xx 3 f(~1, x) is surjective for 
each ~1 -=c ol, this is a Grundy w,-coloring. 
Another counterexample is the graph G whose points are the decreasing 
sequences of denumerable ordinals, and where two sequences are adjacent 
if and only if removing the last ordinal from one sequence yields the other 
sequence. Again no subgraph of G is isomorphic to Pa. G has no complete 
subgraphs of cardinality K, , but complete subgraphs of each finite cardinality. 
An &,-coloring is obtained by coloring each sequence with its length, and a 
Grundy w,-coloring by coloring each sequence with its last member. 
The graph G, , whose points are the integers and where m is adjacent to n 
if and only if m + n >, 0, is connected, as well as its complement, but does 
not contain a subgraph isomorphic to P4 . This shows that (4) is not even 
equivalent to (l)-(3) for denumerable graphs, in contrast with Theorem 8. 
But the following theorem, which generalizes the result of Seinsche [4], 
states that G, is essentially the only counterexample to the equivalence of (3) 
and (4) for arbitrary graphs: 
THEOREM 9. For any graph G, the statement (4) is equivalent to (3*): 
(3”) G does not contain an induced subgraph isomorphic to P4 or to G, . 
Proof. If G contains a subgraph isomorphic to P4 or to G, , then this 
subgraph contains more than one point and neither it nor its complement are 
disconnected. 
If G is finite, the converse holds by Seinsche’s result. Suppose therefore 
that (4) holds for G infinite and that G does not contain a subgraph iso- 
morphic to Pa. We prove for each natural number n that each induced 
subgraph H of G, isomorphic to the restriction of G, to [-n - 1, n], is 
contained in an induced subgraph of G isomorphic to the restriction of G, 
to [-n - 2, n -I- 11. But G contains an induced subgraph isomorphic to the 
restriction of G, to [- 1 , 01, which is G , otherwise its complement would be 
disconnected. Thus G contains an induced subgraph isomorphic to G, 
(the axiom of dependent choice is sufficient for this conclusion). 
Suppose now that His isomorphic to the restriction of G, to [-n - 1, n]. 
By definition, the point p corresponding to --n - 1 is adjacent to no other 
point of H, and the point p’ corresponding to n is adjacent to all the others. 
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Because G is connected and has diameter at most 2 (otherwise it would 
contain a subgraph isomorphic to P4), it contains a point q adjacent to both 
p and p’, and therefore (P4 again) to all points of H. Because G is connected 
and has diameter at most 2, G contains a point r adjacent to neither q nor p, 
and therefore not adjacent to any point of H (still P4). Thus the subgraph 
induced by H, q and r is isomorphic to the restriction of G, to 
[-n - 2, M + I]. I 
As in Theorem 2, Theorem 4 generalizes to denumerable as well as locally 
finite graphs: 
THEOREM 10. The statements (5), (6), (7) and (8) are equivalent for 
denumerable graphs and for locally finite graphs. 
Proof In Theorem 4, the proof of the implications (5) * (6) =S (7) * (8) 
did not depend on the finiteness of G. It suffices therefore to prove (8) 3 (5). 
Notice that for positive integers n a graph G has a complete n-coloring 
if every finite induced subgraph H of G has one. Now let H be an arbitrary 
induced subgraph of G which satisfies (8). If G is locally finite, then p(H) 
is finite because G has at most two nontrivial components. If p(H) is finite, 
then by Theorem 4 and by the preceding remark, #(H) is finite and equal to 
p(H). If otherwise p(H) is infinite and G is denumerable, then p(H) = 
#(H) r x, . I 
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